
!"#$%&'()

!"# $%

&'()*+



2

n !"#$%&'()*+

n !"#$%&,-./

¨!"#

¨$%&'

¨()*+

n 01234

,-./0!"#

1234$%&'056GNN

780GNN()*+

,-./



3

!"#$

!"#$%

& #'()*+
,-)*+
".)*
/

0123456



4

%&'(#$

!"#01

& #2$)*

0123456



5

)*#$

!"#34567

& #89:;

0123456



6

+,(-./0

!"#<=>$%

& #?@)*

0123456



7

120

!"#AB"

&#CDE

0123456
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图结构

特征信息

图学习模型
下游任务
结果输出

0+7
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0+789:;<=

n !56&78
¨3145

¨6789

¨!:;<

n !56&'(
¨"=89

¨>?@A89

¨B>C;

¨ EDAD;
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>?@A



11

>?@A

n 9:;$%<&=>?@
¨31EFGHIJEFGHKLM>NOPI

¨JQREOPSTU



12

>?@A

n AB$%<&CDEF
¨31EVWXY-…IJEZ[\PI
¨31QRE(-]^U



13

BCDE



14

BCDE

n GHIJ<&KLMN
¨31E+,X(-IJE_`Xab\PI

¨31QRE(-cNX+,cNI

¨JQRE1defXghefXijef…



15

BCDE

n OP$%<&KLMN
¨31EB>IJEB>Lf(\PI

¨JQREf(\P5klmnXopqU



16

FGHI



17

FGHI

n QRS($%<&TUVWX
¨31E%&I

¨JE'(\PI

¨31QRE%&rsXtu…



18

FGHI

n YZ-[\$%<&]^WX
¨31EvwXxyIJExvw\P

¨31QREvwcNXxyQRU

[Andersen, Lang: Communities from seed sets, 2006]
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JKDE

n DeepMind_(!"#$%`aGoogle Map&MNbcde



20

LMNODE

n DeepMindfICML2020WgQRh_(!"#$%ijklPmn
op
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PLQH

n MITfCell2020WgQRhqrstGNNiuChempropvMN?
Twx
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PLQH

n KDD Cup:yzi?Tx;MN: https://ogb.stanford.edu/kddcup2021
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EDARH

n MITfICML2019WgQRh{Y|}~�!4�h_(GNN����
e&Y���

n _(GNN&����x;h�1���n���&heuristic��/��
��
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0(graph)8ST

n !𝐺 = (𝑉, 𝐸)�
¨31z 𝑉I31{| 𝑛 = |𝑉|I
¨Jz 𝐸IJ{| 𝑚 = |𝐸|I
¨}~�� 𝑨I
¨T�� 𝑫I
¨���}7��E𝑷 = 𝑫!"/$𝑨𝑫!"/$

¨���������E𝑳 = 𝑰 − 𝑫!"/$𝑨𝑫!"/$

¨31QR�� 𝑿 ∈ ℛ%×'�𝑓��QR�TU

1

0 2

3 4
5
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0(graph)8ST

n!𝐺 = (𝑉, 𝐸)

𝑨 =

0 1 1 1 0 0

1 0 1 0 0 0

1 1 0 0 1 1

1 0 0 0 0 0

0 0 1 0 0 1

0 0 1 0 1 0

1

0 2

3 4

5
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0(graph)8ST

n!𝐺 = (𝑉, 𝐸)
1

0 2

3 4

5

𝑫 =

3 0 0 0 0 0

0 2 0 0 0 0

0 0 4 0 0 0

0 0 0 1 0 0

0 0 0 0 2 0

0 0 0 0 0 2
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0(graph)8ST

n!𝐺 = (𝑉, 𝐸)
1

0 2

3 4

5

𝑫!"/$ =

𝟏
𝟑

0 0 0 0 0

0 𝟏
𝟐 0 0 0 0

0 0 𝟏
𝟐 0 0 0

0 0 0 1 0 0

0 0 0 0 𝟏
𝟐

0

0 0 0 0 0 𝟏
𝟐
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0(graph)8ST

n!𝐺 = (𝑉, 𝐸)
1

0 2

3 4

5

𝑷 =

0 𝟏
𝟑 # 𝟐

𝟏
𝟑 # 𝟒

𝟏
𝟑 # 𝟏 0 0

𝟏
𝟑 # 𝟐 0 𝟏

𝟐 # 𝟒 0 0 0
𝟏

𝟑 # 𝟒
𝟏

𝟐 # 𝟒 0 0 𝟏
𝟒 # 𝟐

𝟏
𝟒 # 𝟐

𝟏
𝟑 # 𝟏 0 0 0 0 0

0 0 0 𝟏
𝟒 # 𝟐 0 𝟏

𝟐 # 𝟐

0 0 0 𝟏
𝟒 # 𝟐

𝟏
𝟐 # 𝟐 0

𝑷 = 𝑫!"/$𝑨𝑫!"/$
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0(graph)8ST

n!𝐺 = (𝑉, 𝐸)
1

0 2

3 4

5

𝑳 =

1 −𝟏
𝟑 # 𝟐

−𝟏
𝟑 # 𝟒

−𝟏
𝟑 # 𝟏 0 0

−𝟏
𝟑 # 𝟐 1 −𝟏

𝟐 # 𝟒 0 0 0
−𝟏
𝟑 # 𝟒

−𝟏
𝟐 # 𝟒 1 0 −𝟏

𝟒 # 𝟐
−𝟏
𝟒 # 𝟐

−𝟏
𝟑 # 𝟏 0 0 1 0 0

0 0 0 −𝟏
𝟒 # 𝟐 1 −𝟏

𝟐 # 𝟐

0 0 0 −𝟏
𝟒 # 𝟐

−𝟏
𝟐 # 𝟐 1

𝑳 = 𝑰 − 𝑫!"/$𝑨𝑫!"/$
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0(graph)8ST

n ������ 𝑿 ∈ ℛ,×.h𝑓�g��� p

Node Features1 Features2 Features3 Features4 Features5 Features6
x0 1 0 0 0 0 0
x1 0 1 0 0 0 0
x2 0 0 1 0 0 0
x3 0 0 0 1 0 0
x4 0 0 0 0 1 0
x5 0 0 0 0 0 1

1

0 2

3 4
5
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0UVWX

n !¡¢"#$% (GCN) �Kipf et al.,2017�
¨�0�����}~LQR)��pW����I

¨Z���#$�������L��I

¨� ����¡�E

𝑯(ℓ*") = 𝜎 3𝑷𝑯(ℓ)𝑾(ℓ)

神经
网络

GCN消息传递架构

神经网络

神经网络

神经网络
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GCNYZYZ[\]^ 1

0 2

3 4
5

上一层的表示结果3𝑫!"/$3𝑨3𝑫!"/$

𝑯(ℓ#$) = 𝜎 *𝑷 , 𝑯 ℓ ⋅ 𝑾 ℓ

待学习权重矩阵

x0

Node Features1 Features2 Features3 Features4 Features5 Features6
x0 1 0 0 0 0 0
x1 0 1 0 0 0 0
x2 0 0 1 0 0 0
x3 0 0 0 1 0 0
x4 0 0 0 0 1 0
x5 0 0 0 0 0 1

x0

Sum 0 1 1 1 0 0
Self-loop 1 1 1 1 0 0
Symmetry 1/ 𝟒 𝟒 1/ 𝟒 𝟑 1/ 𝟒 𝟓 1/ 𝟒 𝟐 0 0
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GCN_CNN

n CNN£¤¥¦!¡¢"#$%(GCN)E
¨��¢£¤¥}~31¦§¨LQR)�

𝒉𝟐 𝒉𝟑

𝒉𝟒

𝒉𝟓𝒉𝟔𝒉𝟕

𝒉𝟖

𝒉𝟏

𝒉𝟎

𝑤! 𝑤" 𝑤#
𝑤$

𝑤%𝑤&
𝑤'

𝑤(

𝑤)
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n !"#$%&'()*+

n !"#$%&,-./

¨!"#

¨$%&'

¨()*+

n 01234

,-./0!"#

1234$%&'056GNN

780GNN()*+

,-./
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`abc

%& ©uª«
Convolutional Neural Networks on Graphs with Fast Localized Spectral 
Filtering (ChebNet, Defferrard et al., 2016)

F$ChebyshevGHIDJKL
M

Semi-Supervised Classification with Graph Convolutional Networks 
(GCN, Kipf et al.,2017)

NOPQRChebyshevGHIS
TKLM

Adaptive Universal Generalized Pagerank Graph Neural Network 
(GPR-GNN, Chien et al., 2021)

UVWXGHIKLMP*YD
JKLM

Interpreting and Unifying Graph Neural Networks with An Optimization 
Framework (GNN-LF/HF, Zhu et al.,2021)

Z[O\YP]^_`ab/c
bKLM

BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein 
Approximation (BernNet, He et al., 2021)

d$BernsteinGHIWXefP
KLMgOursh

Graph Neural Networks with Convolutional ARMA Filters 
(ARMA, Bianchi et al., 2021) F$ARMAKLMiWXKLM
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0de

n §¨�N©&ª «¬!®h(¯©𝒙 ∈ ℛ,g°
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0de

n ±n²³²´��𝑳µ!®ac¶«

𝒙" = 𝟐𝑰 − 𝑳 𝒙

𝒙$ = 𝑳𝒙

0

1

2

3 4
5

0

1

2

3 4
5

𝒙"

𝒙$

0

1

2

3 4
5

0

1

2

3 4
5

𝒙

𝒙
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0fghij

n ²³²´����?·

𝑳 = 𝑼𝜦𝑼1 = 𝑼
𝜆" ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝜆,

𝑼1

¬�𝑼 = [𝒖", … , 𝒖%]�𝜦 = diag([𝜆", … , 𝜆%])� 𝒖-¦ 𝜆- for 𝑖 ∈ {1,2, … , 𝑛}4k
�QR®|¦QR¯�°𝜆- ∈ [0,2]U

n !®&¸¹º»¼�8𝒙 = 𝑼1𝒙
n !®&¸¹º½»¼�𝒙 = 𝑼8𝒙
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0fghij

n ²³²´����?·

𝑳 = 𝑼𝜦𝑼1 = 𝑼
𝜆" ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝜆,

𝑼1

±²LQR¯ 𝜆" = 0
³´LQR®| 𝒖" = 𝑫"/$𝟏

, =

𝑳 𝑫"/$𝟏 𝟎

, =

1

0 2

3 4

5
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0fghij

Path Graph

𝒖!
𝒖"
𝒖# 𝜆" = 0

𝒖" = 𝑫"/$𝟏

"#$%#&'()*+

!&'()*+
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klm

n µ!®𝒙&¾¿¶«ÀÁ¬�

n ℎ(Λ)/ℎ(𝜆)Â¬¾¿�p

𝒚 = ℎ 𝑳 𝒙 = 𝑼ℎ 𝚲 𝑼&𝒙

= 𝑼 𝑑𝑖𝑎𝑔 ℎ 𝜆$ , … , ℎ 𝜆' 𝑼&𝒙

3.图傅里叶逆
变换

1.图信号傅里
叶变换

2.频谱域滤波
操作

𝑼ℎ 𝚲 𝑼1𝒙 ℎ(𝚲)𝑼1𝒙 𝑼1𝒙
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n §ÃÄÁÅ&ÆÇ¡¢� 𝑓 ∗ 𝑔 𝑥, 𝑦 ≝ ∑6,, 𝑓 𝑥 −𝑚, 𝑦 − 𝑛 𝑔(𝑚, 𝑛)

¨ 𝑔µ¶·T¸¹º»¼L½(Kernel)�¾¿³´À)*Á?�LÂÃÄ(Filter)

n !®𝒙)𝒚&¡¢�È¸Éº»¼&Hadamard¢&½»¼(¡¢Àm)
𝒙 ∗8 𝒚 = 𝑼 𝑼1𝒙 ⨀ 𝑼1𝒚

¬�� ⨀�HadamardÅ� 𝑼.𝒚Æ¶ÇÈÉÅÂÃÄU

0no

𝑓
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0no

n ÊËÌ𝑼1𝒚 = 𝜃", … , 𝜃, 1hÍℎ: = diag( 𝜃", … , 𝜃, )«¬µ/��
g°ÎV¡¢¾¿�

n {ℎ:«¬𝑳��Ï&ÐËℎ 𝚲 hÑÒ�Óµ!®&¾¿¶«

𝒙 ∗8 𝒚 = 𝑼ℎ:𝑼1𝒙

3.图傅里叶逆
变换

1.图信号傅里
叶变换

2.谱域图卷积

𝑼𝒉:𝑼1𝒙 𝒉:𝑼1𝒙 𝑼1𝒙

𝒙 ∗8 𝒚 = 𝑼 𝑼1𝒙 ⨀ 𝑼1𝒚
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klm

n µ!®𝒙&¾¿¶«ÀÁ¬�

n ℎ(Λ)/ℎ(𝜆)Â¬¾¿�p

𝒚 = ℎ 𝑳 𝒙 = 𝑼ℎ 𝚲 𝑼&𝒙

= 𝑼 𝑑𝑖𝑎𝑔 ℎ 𝜆$ , … , ℎ 𝜆' 𝑼&𝒙

3.图傅里叶逆
变换

1.图信号傅里
叶变换

2.频谱域滤波
操作

𝑼ℎ 𝚲 𝑼1𝒙 ℎ(𝚲)𝑼1𝒙 𝑼1𝒙
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klm

n Ôf²³²´��&Õ±¾¿�

原始信号：
𝒙 = 2𝒖) + 0.5𝒖!

加了白高斯噪声的信号：
𝒙. = 𝒙 + 𝜺 (𝑆𝑁𝑅!" = −1.8dB)

过滤后的信号：
𝜆* = 0.35(𝑆𝑁𝑅#$% = 15.2dB)

0

1

2

3 4
5

0 1 2 3 4 5

𝒙

𝑛

0

1

2

3
4

5

0
1 2

3
4 5

𝒙!

𝑛 0 1 2 3 4 5

𝒙"

𝑛

0

1

2

3 4
5

ℎ 𝜆 = >1, for 𝜆 < 𝜆/
0, for other 𝜆.
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n ÊË0(Homophily graph)EJÌ6
L31=»cÍÊ�5(ÎÌÊrÏ)

n ÐË0(Heterophily graph)EJÌ6
L31=»cÍÑÊ5(ÎÑÊrÏ)

p/qr0

7

54

6

0

3

1

8

7

54

6

0

3

1

8

Network of senators Network of managers
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klm

𝒙 = [1.0,0,0,0,0,0,0,0]+ 𝜆

𝜆

Õ±¾¿�Ö×Ø!ÙÚ±¾¿�ÖÛØ!

𝒚 = [0.125,… ,0.125]+

7

54

6

0

3

1

8

7

54

6

0

3

1

8
𝒙 = [1.0,0,0,0,0,0,0,0]+

Impulse high-pass

Impulse low-pass

7

54

6

0

3

1

8

7

54

6

0

3

1

8

𝒚 = [0.125,−0.125,… ,0.125,−0.125]+

𝒚 = 𝑼
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 0

𝑼#𝒙

𝒚 = 𝑼
0 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

𝑼#𝒙
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klm

n ��Ü×&¾¿�
¨Ò7³ÂÃÄℎ(𝜆)pWÓÔÕ

¨QR¯4Ö×ØTÙÚÛ

¨ÜÝÞWLÖßªàEá(âãäåæÂÃÄÛ

𝒚 = 𝑼
ℎ(𝜆") ⋯ 0
⋮ ⋱ ⋮
0 ⋯ ℎ(𝜆%)

𝑼.𝒙



49

stuklm

n _(ÝÞß��¾¿�

ℎ 𝜆 ≈ P
HIJ

K

𝑤H𝜆H

n µ'&¾¿¶«

𝒚 = P
HIJ

K

𝑤H𝑳H𝒙
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ChebNet

n ChebNet [Defferrard et al., 2016](àáâãÝÞß��¾¿�
¨çè��E

éêëìâãäåæ
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ChebNet

n ChebyshevÝÞß�𝑘ä&ChebyshevÝÞß𝑇H(𝑥)åvæ(vçè
�ßÀÁ�

𝑇H 𝑥 = 2𝑥𝑇H!" 𝑥 − 𝑇H!$ 𝑥
with 𝑇J 𝑥 = 1, 𝑇" 𝑥 = 𝑥
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ChebNet

n ChebNet [Defferrard et al., 2016](àáâãÝÞß��¾¿�
¨�íäE

¬�W𝑳 = 2𝑳/𝜆?@A − 𝑰,𝑇B(W𝑳)¶éêëìâãä 𝑇C(W𝑳) = 𝑰, 𝑇"(W𝑳) = W𝑳,… , 𝑇B(W𝑳) =
2𝑇B!"(W𝑳) − 𝑇B!$(W𝑳)I𝑾¶¿¸¹L���𝑯¶î�ïL�(𝑯(C) = 𝑿)

𝑯(ℓ*") = 𝜎 Z
BDC

E
𝑇B(W𝑳)𝑯(ℓ)𝑾(ℓ,B)
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ChebNet

n ChebNet [Defferrard et al., 2016](àáâãÝÞß��¾¿�
¨�íäE

¬�W𝑳 = 2𝑳/𝜆?@A − 𝑰,𝑇B(W𝑳)¶éêëìâãä 𝑇C(W𝑳) = 𝑰, 𝑇"(W𝑳) = W𝑳,… , 𝑇B(W𝑳) =
2𝑇B!"(W𝑳) − 𝑇B!$(W𝑳)I𝑾¶¿¸¹L���𝑯¶î�ïL�(𝑯(C) = 𝑿)

¨³´LâãäÂÃÄðf (𝜆?@A = 2)E

𝜃C, . . , 𝜃B�âãäñ{

𝑯(ℓ*") = 𝜎 Z
BDC

E
𝑇B(W𝑳)𝑯(ℓ)𝑾(ℓ,B)

𝒚 = 𝜃C𝑰 + 𝜃"(𝑳 − 𝑰) + 𝜃$(2𝑳 − 3𝑰) + ⋯+ 𝜃B(2𝑇B!"(W𝑳) − 𝑇B!$(W𝑳) 𝒙
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GCN

n GCN[Kipf et al.,2017]éÌChebNeth𝜃 = 𝜃J = −𝜃"
¨òÂÃÄðf¶E

𝜃 3𝑫!"/$3𝑨3𝑫!"/$ 𝒙
Renormalization trick

𝒚 = 𝜃𝑰 − 𝜃(𝑳 − 𝑰) 𝒙

= 𝜃 𝑰 + 𝑫!"/$𝑨𝑫!"/$ 𝒙
= 𝜃 2𝑰 − 𝑳 𝒙
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GCN

n GCN[Kipf et al.,2017]éÌChebNeth𝜃 = 𝜃J = −𝜃"
¨òÂÃÄðf¶E

¨³´Lçè�íä(jL𝑷 = L𝑫!"/$ L𝑨L𝑫!"/$)

𝜃 3𝑫!"/$3𝑨3𝑫!"/$ 𝒙
Renormalization trick

𝒚 = 𝜃𝑰 − 𝜃(𝑳 − 𝑰) 𝒙

= 𝜃 𝑰 + 𝑫!"/$𝑨𝑫!"/$ 𝒙
= 𝜃 2𝑰 − 𝑳 𝒙

𝑯(ℓ*") = 𝜎 3𝑷 _ 𝑯 ℓ ⋅ 𝑾 ℓ

𝒀 = softmax 3𝑷ReLU 3𝑷𝑿𝑾 C 𝑾 "
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GCN

n êtGCNµ'&¾¿�ló=ÂÃÄq
¨ Before renormalization trick:  ℎ 𝑳 = 2𝑰 − 𝑳, ℎ 𝜆 = 2 − 𝜆

¨ After renormalization trick:  ℎ j𝑳 = 3𝑷 = 𝑰 − j𝑳, ℎ k𝜆 = 1 − k𝜆

ℎ(
𝜆)

𝜆𝜆

ℎ(
𝜆)

ℎ(
𝜆)

𝜆

ℎ(
( 𝜆)

(𝜆

ℎ(
( 𝜆)

(𝜆 (𝜆

ℎ(
( 𝜆)ℎ k𝜆 < 0, for k𝜆 > 1

𝑯(ℓ.!) = 𝜎 H𝑷 J 𝑯 ℓ ⋅ 𝑾 ℓ
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GCN

n KtGCNµ'&¾¿� ℎ [𝜆 = (1 − [𝜆)KëKìyíînïðñ

(𝜆

ℎ(
( 𝜆)

ℎ(
( 𝜆)

(𝜆

ℎ(
( 𝜆)

(𝜆

ℎ(
( 𝜆)

(𝜆

(𝜆

ℎ(
( 𝜆)

ℎ(
( 𝜆)

(𝜆

K=1 K=2 K=3

K=10 K=100 K=1000
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GCN-Nvw
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GPR-GNN

n GPR-GNN [Chien et al., 2021]56ÝÞß¾¿�&òË�

n góß�𝒁 = ∑HIJK 𝛾H�̂�H 𝑯(J)

n µ'&¾¿�¶«�𝒚 = ∑HIJK 𝛾H�̂�H 𝒙

×L𝐏 ×L𝐏
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GPR-GNN

n GPR-GNN [Chien et al., 2021]� 𝒁 = ∑HIJK 𝛾H�̂�H 𝑯(J)hô�õËö÷
Å56�&𝛾H�

n øùÓ ∀𝛾H ≥ 0¬low-pass¾¿�h 𝛾H = −𝛼 H , 𝛼 ∈ 0,1 ¬high-
pass¾¿�p
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GPR-GNN

n GPR-GNN [Chien et al., 2021]� 𝒁 = ∑HIJK 𝛾H�̂�H 𝑯(J)hô�õËö÷
Å56�&𝛾H�

n øùÓ ∀𝛾H ≥ 0¬low-pass¾¿�h 𝛾H = −𝛼 H , 𝛼 ∈ 0,1 ¬high-
pass¾¿�p

n ÔfúV&ÝÞß¾¿�ûüå·ýxñÜ>·ý5�&7Ä¾¿
�p
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GPR-GNN

n õþ4ÿ
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GNN-LF/HF

n GNN-LF/HF[Zhu et al.,2021]!"ÌÐË&/ ��¾¿�

𝒁 = 𝜇 + 1/𝛼 − 1 𝑰 + 2 − 𝜇 − 1/𝛼 L𝑷
!"

𝜇𝑰 + 1 − 𝜇 L𝑷 𝑯 (GNN-LFklabKLM)

𝒁 = 𝛽 + 1/𝛼 𝑰 + 1 − 𝛽 − 1/𝛼 L𝑷
!"

𝑰 + 𝛽L𝑳 𝑯 (GNN−𝐇FklcbKLM)

n ÔfúV��&ÝÞß¾¿�#kl

¨ñ{@Í×Ø�ôõö÷�øLÂÃÄU

$,�?{a¥%&·
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xy

n ±n'(&?)�

¨ GCNù(LÂÃÄúû<ü{�ý°âïGCNúû<@þÿ�¬ù(LÂ
ÃÄ!ill-posedIChebNet¿"¸ÀüLÂÃÄI

¨ GPR-GNNXGNN-LF/GNN-HF#$%È�=@¸¹&'(âãäLP{)
0*ÀÂÃÄ�Ñ�÷!±+,-U

n *+�

,-./0123456789:;<=>?

@ABCDE#345F
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BernNet: Learning Arbitrary Graph 
Spectral Filters via Bernstein Approximation

(NeurIPS, 2021)

Mingguo He, Zhewei Wei, Zengfeng Huang, Hongteng Xu
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n Valid&ÝÞß¾¿�',-.�

¨.¥/012345j�6!<Î�7GNN8Ñ9:�;GCNU

n ChebyshevÝÞß��Ü/0-.,1��
¨<uℎ 𝜆 = ∑BDCE 𝑤B𝑇B(𝜆) ≥ 0I

¨Ñ"5j=³𝑤BpW>n�

?¶𝑇B(𝜆)@�ü¯È:K

Qz{|

ℎ 𝜆 = ∑HIJK 𝑤H𝜆H ≥ 0, ∀𝜆 ∈ 0,2

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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n Valid&ÝÞß¾¿�',-.�

¨.¥/012345j�6!<Î�7GNN8Ñ9:�;GCNU

n ô 0,2 Å23&7ÄÝÞßåv45BernsteinÝÞß&6ß�

Qz}~

ℎ 𝜆 = ∑HIJK 𝑤H𝜆H ≥ 0, ∀𝜆 ∈ 0,2

ℎ 𝜆 = ∑HIJK 𝜃H
"
$!

𝐾
𝑘 (2 − 𝜆)K!H𝜆H

BernsteinGHI
*Ymnop𝜃0 ≥ 0

Bernstein3mqrDJ
efGHImef3≥ 0

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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𝜃0 ≥ 0
An arbitrary filter

确保ℎ 𝜆 ≥ 0！

Qz}~

ℎ 𝜆 ≥ 0, ∀𝜆 ∈ 0,2
n Valid&¾¿�',-.�

¨.¥/012345j�6!<Î�7GNN8Ñ9:�;GCNU

n _(BernsteinÝÞß��¾¿�E

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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BernNet

n _(BernsteinÝÞß��¾¿�

𝒛 = P
HIJ

K

𝜃H
1
2H

𝐾
𝑘 (2𝑰 − 𝑳)K!H𝑳H 𝒙

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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Bernstein Approximation

𝒛 = Z
BDC

E

𝜃B
1
2B

𝐾
𝑘 (2𝑰 − 𝑳)E!B𝑳B 𝒙 → ℎ 𝑳 𝒙, 𝑘 → ∞

n òË𝜃H = ℎ($H
K
)µ'Ó¾¿�ℎ(𝜆)ô$H

K
7&Ïhå·ýx8ñ

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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BernNet

n 567Ä&¾¿�h9:𝐾ìyh;ÿ<=

𝒛 = #
!"#

$

𝑅𝑒𝐿𝑈(𝜃!)
1
2!

𝐾
𝑘 (2𝑰 − 𝑳)$%!𝑳!

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]



72

BernNet���1�

n 56!>Ëö+�?n¾�

n 56¾¿�@AB/ R$Ò?C

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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BernNet���1�

n �õËö÷��?@78

n �õËö÷��?@@�� C

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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BernNet���1�

n 56¾¿�

40.19±0 .56

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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BernNet���1�

n 56¾¿�

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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BernNet���1�

n 56¾¿�

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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BernNet���1�

n 56¾¿�

ÂÃÄ

BernNetP{𝜃B

He M, Wei Z et al. BernNet: Learning Arbitrary Graph Spectral Filters via Bernstein Approximation. [NeurIPS’2021]
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n !"#$%&'()*+

n !"#$%&,-./

¨!"#

¨$%&'

¨()*+

n 01234

,-./0!"#

1234$%&'056GNN

780GNN()*+

,-./
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`abc

%& ©uª«
Representation Learning On Graphs With Jumping Knowledge 
Networks (JKNet, Xu et al., 2018)

stuv^GNNwxmyz{GNN
|}7~�P)*

Graph Neural Networks Exponentially Lose Expressive Power For 
Node Classification (Oono & Suzuki, 2020)

�0���{𝐾�GCNP!"���
���tu���

Simple and Deep Graph Convolutional Networks
(GCNII, Chen et al., 2020)

F$Initial residual�Identity mapping
��Pv^GNNwxgOursh

Towards Deeper Graph Neural Networks with Differentiable Group 
Normalization (DGN, Zhou et al, 2020)

b�Differentiable Group 
Normalization ��GNNP���

Training Graph Neural Networks with 1000 Layers 
(RevGNN, Li et al., 2021)

F$Reversible connection����
1000�PGNNwx
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����

n D%EFd9GF¯ë'��&HI��

n *JKL��𝑷 = 𝑨𝑫!𝟏

1

3

0

4

5

2
𝟏/𝟑

𝟏/𝟒𝟏/𝟑

𝟏/𝟑 𝟏/𝟒

𝟏/𝟒
𝟏/𝟒

𝟏/𝟒
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����

n 9GEF&��6ß�

¨ABCD��E 𝑷 = 𝑨𝑫!𝟏

¨�EFGE 𝝅(ℓ*") = 𝑷 _ 𝝅(ℓ)

1

0 2

3 4
5

1/2 1/4 1

1/3 1/4

1/3 1/2 1/2 1/2

1/3

1/4 1/2

1/4 1/2

1
0

0

0

0

0

0

1/3

1/3

1/3

0

0

= !𝝅(ℓ*") 𝑷 𝝅(ℓ)
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������

n 9GEF&MN?O�
¨H/4IJFGÎKL4M𝜋�𝝅 = 𝑷 _ 𝝅 = 𝑨𝑫!" _ 𝝅

¨N®0�IJFGLKL4M: 𝝅(𝑣) = N2
$?

= !𝝅 𝑷 𝝅2
14

稳态分布与起始节点无关

1/2 1/4 1

1/3 1/4

1/3 1/2 1/2 1/2

1/3

1/4 1/2

1/4 1/2

3/14

2/14

4/14

1/14

2/14

2/14

1

0 2

3 4
5

4
14

2
14

2
14

3
14

1
14

3/14

2/14

4/14

1/14

2/14

2/14
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������_Cheeger5�u

n CheegerÜPß

𝝅Z
(K) 𝑣 −

𝑑[
2𝑚

≤
𝑑[
𝑑Z

1 −
𝜆\]^$

2

K

¨¬�𝝅O
(E) = (𝑨𝑫!")E𝝅O

(C)
$31𝑢DOL𝐾EIJFG�𝜆P@Q¶spectral gap�

µ������±²PQQR¯U
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������_Cheeger5�u

n MN?O: 𝜋(𝑣) = _"
$` a

5
62
,
5
62
,
5
62
,
5
62
,
5
62
,
6
62
,
6
62
,
5
62
,
5
62
,
5
62
,
5
62
,
5
62

n CheegerÜPß�QRSTU 2]^WX

1

2

4

6

3

5

7

8 9

10 11

12
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������_Cheeger5�u

n MN?O: 𝜋(𝑣) = _"
$` a

5
70
,
6
70
,
6
70
,
6
70
,
6
70
,
6
70
,
6
70
,
6
70
,
6
70
,
6
70
,
6
70
,
5
70

n CheegerÜPß�QRSTU 2]^WX

1

2

4

6

3

5

7

8 9

10 11

12
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������_Cheeger5�u

n CheegerÜPß

𝝅Z
(K) 𝑣 −

𝑑[
2𝑚

≤
𝑑[
𝑑Z

1 −
𝜆\]^$

2

K

¨¬�𝝅O
(E) = (𝑨𝑫!")E𝝅O

(C)
$31𝑢DOL𝐾EIJFG�𝜆P@Q¶spectral gap�

µ������±²PQQR¯U

n 9GEFVfMN&U )��& ËWXñ



87

GCN_����

n st!¡¢"#$%YZ[nïð\]

K步随机游走概率分布，最终会收敛到稳态

⇒ 𝑯(K)= �̂�K𝑿𝑾
𝑯(ℓc") = �̂�…𝜎 �̂�𝜎 �̂�𝑿𝑾 J 𝑾 " …𝑾 ℓ

If 2𝑷 = 2𝑫%&/(2𝑨2𝑫%&/(, then 
2𝑷$ = 2𝑫%&/(2𝑨2𝑫%&2𝑨2𝑫%&… 2𝑨2𝑫%&2𝑨2𝑫%&/(

= 2𝑫%&/((2𝑨2𝑫%&) 7 (2𝑨2𝑫%&)… (2𝑨2𝑫%&)2𝑨2𝑫%&/( 7 2𝐷%&/( 7 2𝐷&/(

= 2𝑫%&/( 2𝑨2𝑫%& $2𝑫&/(
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GCN_����

n KtGCN^_§` = !��(?O) 𝒙���𝑠&K%9GEFp

x1

x2

x4

x5

…

xn-1

x3
节点

特征}7~�

s1

s2
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JKNet

n 𝐾tGCN^_§` = !a���bc��&𝐾%9GEF
n ë𝐾 → ∞hde?O2fg&��g°hXhij2!4�kX
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GCN_����

n Residual Connection?   𝑯(ℓc") = 𝜎 �̂� + 𝑰 r 𝑯 ℓ ⋅ 𝑾 ℓ

⇒ 𝑯(K)= (�̂� + 𝑰)K𝑿𝑾
𝑯(ℓc") = (�̂� + 𝑰)…𝜎 (�̂� + 𝑰)𝜎 (�̂� + 𝑰)𝑿𝑾 J 𝑾 " …𝑾 ℓ

If 2𝑷 = 2𝑫%&/(2𝑨2𝑫%&/(, 𝑰 = 2𝑫%&/(2𝑫&/(, then 
(2𝑷 + 𝑰)$= (2𝑫%&/(2𝑨2𝑫%&/( + 2𝑫%&/(2𝑫&/()$

= (2𝑫%&/( 2𝑨2𝑫%& + 𝑰 2𝑫&/()$

= 2𝑫%&/( 2𝑨2𝑫%& + 𝑰 $2𝑫&/(

K步Lazy随机游走概率分布，最终会收敛到稳态
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GCN_����

n lmResidual Connection&GCN=Lazy9GEF[Wang et al., 2019]
n D%EFdW50%&*Jnoôë'��Åh50%&*JHI��

n *JKL��𝑷 = 𝑨𝑫#𝟏c𝑰
$ 1

3

0

4

5

2
𝟏/𝟔

𝟏/𝟒𝟏/𝟔

𝟏/𝟔 𝟏/𝟒

𝟏/𝟒

𝟏/𝟒

𝟏/𝟐

𝟏/𝟐
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JKNet

n lmResidual Connections &GCN=Lazy9GEF

GCNs with residual connections and random walk distributions with lazy factor 0.4 
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GCNNvw_������

n nïð&p;

¨$QRû;LIJFGgRÀKL�

STUVOQRÛ
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GCNII���1�

n CheegerÜPß

𝝅O
(E) 𝑣 −

𝑑R
2𝑚

≤
𝑑R
𝑑O

1 −
𝜆P@Q$

2

E

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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Exponentially Lose Expressive Power 

n [Oono & Suzuki, 2020]!mQÅøùÓ𝐾tGCN&����YST�
¥-Túeqíî_rsp

n STU tuf𝑠(d)(vw��𝑊(d)h 𝑙 = 1,… , 𝐿&xyyÛÏ)
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Exponentially Lose Expressive Power 

n [Oono & Suzuki, 2020]ReLUYmzGCN&STU ñ

n STU tuf𝑠(d)(vw��𝑊(d)h 𝑙 = 1,… , 𝐿&xyyÛÏ)
n W{çÀm:

¨¬�ℳ�“Information-less” )*%K�𝜇 = max
-D$,…,%

|1 − 𝜆-| (𝜆-¶j𝑳QR¯)

𝑠 d 𝜇𝑑ℳ(𝒙)𝑑ℳ(𝑓(d)𝒙)
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Exponentially Lose Expressive Power 

n GCNôNoisy CoraÅ&ac��?@
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JKNet

n Jumping Knowledge Network 
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JKNet

n Jumping Knowledge Network
n x|g°&}�~ß

¨ Concat
¨ Max-pooling
¨ LSTM-attention
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JKNet

n Jumping Knowledge Network
n õþ4ÿ
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Simple and Deep 
Graph Convolutional Networks

(ICML, 2020)

Ming Chen, Zhewei Wei, Zengfeng Huang, Bolin Ding, Yaliang Li 
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GCNII���}~
GCNII: Graph Convolutional Network via Initial residual and Identity 
mapping
n �gGCN
𝑯(ℓc") = 𝜎 �̂�𝑯(ℓ)𝑾(ℓ)

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII���}~
GCNII: Graph Convolutional Network via Initial residual and Identity 
mapping
n �gGCN
𝑯(ℓc") = 𝜎 �̂�𝑯(ℓ)𝑾(ℓ)

n GCN+fgÏ(Initial residual)
𝑯(ℓc") = 𝜎 1 − 𝛼ℓ �̂�𝑯(ℓ) + 𝛼ℓ𝑯(J) 𝑾(ℓ)

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII���}~
GCNII: Graph Convolutional Network via Initial residual and Identity 
mapping
n �gGCN
𝑯(ℓc") = 𝜎 �̂�𝑯(ℓ)𝑾(ℓ)

n GCN+fgÏ(Initial residual)
𝑯(ℓc") = 𝜎 1 − 𝛼ℓ �̂�𝑯(ℓ) + 𝛼ℓ𝑯(J) 𝑾(ℓ)

n GCNII
GCN+fgÏ(Initial residual)�ê�}~(Identity mapping)
𝑯(ℓc") = 𝜎 1 − 𝛼ℓ �̂�𝑯(ℓ) + 𝛼ℓ𝑯(J) 𝟏 − 𝛽ℓ 𝑰, + 𝛽ℓ𝑾(ℓ)

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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���8����

n ôD%EF<:
¨õ𝜶LABWXVOYLI
¨õ(𝟏 − 𝜶)LABIJG®ÜÝ31LZ�}~

KL4M[2O31Î\
1

3

0

4

5

2

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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PageRank_PPR

n PageRankÀÁß:𝝅 = 1 − 𝛼 𝝅𝑷 + 𝛼 r 𝒆
¨ 𝝅E\]^_`]ab®|cd𝒆E2O®|cd
¨ 𝑷EABCD��c 𝛼EefP{cd

PageRank: 𝒆 = "
1 ,

"
1 , … ,

"
1

衡量图上节点的全局重要性. 

Personalized PageRank: 
𝒆 = 0,0, … , 0,1,0… , 0

衡量图上节点关于源节点s的相对重要性
第s项为1

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII���}~

n GCN gh÷P{q

n GCNIIlij,-P{q

随机游走𝑯(() = *𝑷(𝒙

......
HKPR

APPNP (Klicpera et al., 2019)

PPR: 𝜃2 = 𝛼(1 − 𝛼)2

𝜃h
PPR𝑯(() = ∑)*+( 𝜃) {𝑷h 𝒙

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII���1�

n GCN + residual connection [Kipf et al., 2017]

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]

添加Residual Connections 的GCN=Lazy随机游走
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性能表现不会比浅层模型差(APPNP)

𝑯(ℓ'() = 𝜎 1 − 𝛼ℓ 2𝑷𝑯(ℓ) + 𝛼ℓ𝑯(*) 𝟏 − 𝛽ℓ 𝑰+ + 𝛽ℓ𝑾(ℓ)

GCNII���1�

n GCN + residual connection [Kipf et al., 2017]

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII���1�

ours

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]
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GCNII���1�

ours

Chen M, Wei Z et al. Simple and Deep Graph Convolutional Networks. [ICML’2020]



112

n !"#$%&'()*+

n !"#$%&,-./

¨!"#

¨$%&'

¨()*+

n 01234

,-./0!"#

1234$%&'056GNN

780GNN()*+

,-./



113

I�bc

%& ©uª«

A Note on Over-Smoothing for Graph Neural Networks (Cai et al., 2020) Z[O\YP�]��{GCN�
���P��

Interpreting and Unifying Graph Neural Networks with An Optimization 
Framework (GNN-LF/HF, Zhu et al., 2021)

Z[O\YP�]����t{
��GNNwxm� ¡¢wx

Graph Neural Networks Inspired by Classical Iterative Algorithms
(TWIRLS, Yang et al., 2021)

Z[O\YP�]��A£\Y5
GATm ¡¢wxgOursh

Scaling Up Graph Neural Networks Via Graph Coarsening (Huang et al., 
2021)

Z[O\YP�]¤¥q¦§
GNN

Topology Attack and Defense for Graph Neural Networks: An 
Optimization Perspective (Xu et al., 2019)

Z[O\YP�]¤¥GNNP¨
©�ª«
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����

n !"ÌÐË&./m·GCNiu�Cai et al.,2020�

min
𝒛
𝑓 𝒛 = 𝒛. j𝑳 𝒛

¬F®¯°(Dirichlet energy)

𝒛3L𝑳𝒛 = j
2,5 ∈7

𝐴25 ⋅
𝑧2
1 + 𝑑2

−
𝑧5
1 + 𝑑5

$

同配性假设 (Homophily Assumption):
Birds of a feather flock together.
}~31LQRkÎÌ\N
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����

n !"ÌÐË&./m·GCNiu�Cai et al.,2020�

min
𝒛
𝑓 𝒛 = 𝒛. j𝑳 𝒛

¨ålmTinE
T'(U)
TU = 0 ⟹ 𝑳𝒛 = 𝟎 ⟹ 𝒛(B*") = 𝑰 − j𝑳 𝒛(B)I

¨令𝒛(C) = 𝒙𝒘�ò 𝒛(B*") = 3𝑫!"/$3𝑨3𝑫!"/$ 𝒛(B)

¨ GCNo�+�𝑓 𝒛 ÒÀmin
𝒛
𝑓 𝒛 = 𝟎

¬F®¯°(Dirichlet energy)

𝒛3L𝑳𝒛 = j
2,5 ∈7

𝐴25 ⋅
𝑧2
1 + 𝑑2

−
𝑧5
1 + 𝑑5

$
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����

n !"ÌÐË&./m·GCNiu�Cai et al.,2020�

min
𝒛
𝑓 𝒛 = 𝒛. j𝑳 𝒛

¬F®¯°(Dirichlet energy)

𝒛3L𝑳𝒛 = j
2,5 ∈7

𝐴25 ⋅
𝑧2
1 + 𝑑2

−
𝑧5
1 + 𝑑5

$
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����

n õþ?)�Cai et al.,2020�

¨!"#$%&#'()*+%&,-./01

¬F®¯°(Dirichlet energy)

𝒛+ V𝑳𝒛 = X
0,2 ∈4

𝐴02 ⋅
𝑧0
1 + 𝑑0

−
𝑧2
1 + 𝑑2

"
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n !"ÌÐË&./m·GNNiu�Zhu et al.,2004, Zhu et al.,2021�

min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1 ~𝑳 𝒛 + 𝛼 𝒛 − 𝒙 $

$

páqr"|(Dirichlet energy)
𝒛+ V𝑳𝒛 = X

0,2 ∈4

𝐴02 ⋅
𝑧0
1 + 𝑑0

−
𝑧2
1 + 𝑑2

" ℓ𝟐stòã�uv±wxy�
𝒛¦VOQR𝒙LÌæAT
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n !"ÌÐË&./m·GNNiu�Zhu et al.,2004, Zhu et al.,2021�

min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1 ~𝑳 𝒛 + 𝛼 𝒛 − 𝒙 $

$

n ·ýXWGNNiu�APPNP[Klicpera et.al. 2019]/GCNII

¨
T'(U)
TU = 2 1 − 𝛼 j𝑳𝒛 + 2𝛼 𝒛 − 𝒙 I

¨z
T'(U)
TU = 0 ⟹ 𝒛 = 1 − 𝛼 3𝑷𝒛 + 𝛼𝒙I
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n !"ÌÐË&./m·GNNiu�Zhu et al.,2004, Zhu et al.,2021�

min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1 ~𝑳 𝒛 + 𝛼 𝒛 − 𝒙 $

$
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n !"ÌÐË���&GNNiu�Zhu et al.,2021�dGNN-LF

min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1 ~𝑳𝒛 + 𝛼 (𝜇𝑰 + (1 − 𝜇)�̂�)"/$(𝒛 − 𝒙)

$
$

𝜇 ∈ [1/2,1)低通滤波器，𝒛 = 𝜇 + 1/𝛼 − 1 𝑰 + 2 − 𝜇 − 1/𝛼 L𝑷
!"

𝜇𝑰 + 1 − 𝜇 L𝑷 𝒙

同配性假设 (Homophily Assumption):
Birds of a feather flock together.
}~31LQRkÎÌ\N
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n !"ÌÐË���&GNNiu�Zhu et al.,2021� GNN-HF

min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1 ~𝑳𝒛 + 𝛼 (𝑰 + 𝛽~𝑳)"/$(𝒛 − 𝒙)

$
$

异配性假设 (Homophily Assumption):
}~31LQRkÎüÌ\N

𝛽 ∈ (0, +∞)高通滤波器，𝒁 = 𝛽 + 1/𝛼 𝑰 + 1 − 𝛽 − 1/𝛼 L𝑷
!"

𝑰 + 𝛽L𝑳 𝑯
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n GNN-LF/HFõþ4ÿ
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����

n GNN-LF/HFõþ4ÿ
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xy

n ��±n"ÌÐËQR�Ý&iuh{GDC�GraphHeat�GAT�

n "ÌÐË¤�åvQR!"#$%&��ÐË�

n "ÌÐË¤�>�2Ü×&¾¿�µ'�
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Graph Neural Networks 
Inspired by Classical Iterative Algorithms

(ICML, 2021)

Yongyi Yang, Tang Liu, Yangkun Wang, Jinjing Zhou, 
Quan Gan, Zhewei Wei, Zheng Zhang, Zengfeng Huang, David Wipf



127

��8GNN����

n !"ÌÐË&./m·GNNiu

min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1𝛾 𝑳 𝒛 + 𝛼 𝒛 − 𝒙 $

$

¨ 𝛾 𝑳 ¶"|{{lEnergy functionq���)*L�|}BI

¨<u~'𝛾 𝑳 !�t÷L�µ¬QR¯𝛾(𝜆) ≥ 0U

n ±n�ÈíËPf�håÒx"·¬�

𝒛∗ = 𝛼(𝛼𝑰 + 1 − 𝛼 𝛾 𝑳 )!"𝒙

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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n !"ÌÐË&./m·GNNiu

min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1𝛾 𝑳 𝒛 + 𝛼 𝒛 − 𝒙 $

$

¨±+ÖE𝒛∗ = 𝛼(𝛼𝑰 + 1 − 𝛼 𝛾 𝑳 )!"𝒙U

n �𝛾 𝑳 = 𝑒s𝑳 − 𝑰h𝛼 = 0.5h"ÌÐË&x"·�

𝒛∗ = 𝑒!st𝒙 = 𝑒!s(u!v)𝒙 = P
HIJ

w

𝑒!s
𝑡H

𝑘!
𝑷H𝒙

¨¿õ(3Ö� GDC¦ GraphHeatù(L�½lHeat Kernelq±
Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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n !"ÌÐË&./m·GNNiu

min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1𝛾 𝑳 𝒛 + 𝛼 𝒛 − 𝒙 $

$

n ·ýÛØx���

¨}~31LQRkÎüÌ\N

𝒛.(𝟐𝑰 + 𝑰)𝒛 = Z
-,_ ∈a

𝐴-_ ⋅
𝑧-
𝑑-
+

𝑧_
𝑑_

$
当 𝛾 𝑳 = 𝟐𝑰 − 𝑳

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]



130

��8GNN����

n �23�ÑÞ&"ÌÐË
min
𝒛

�𝑓 𝒛 = 1 − 𝛼 𝒛1𝛾 𝑳 𝒛 + 𝛼 𝒛 − 𝒙 $
$ +𝜂(𝒛)

¨ 𝜂(𝒛)EPü正则项，给 𝒛中小于0的项一个正无穷的penalty。

n ��� ç�（proximal gradient descent）
¨�𝜂(𝑧)tòã{{L+�ª«
¨Ö���{{：

𝜂(𝒛) ==
*
𝐼+[𝑧, < 0]

min
𝒛

�𝑓(𝒛)
𝛾 𝑳 = j𝑳

𝒛(B*") = ReLU 3𝑫!"/$3𝑨3𝑫!"/$𝒛(B)

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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n !"ÌÐË&./m·GNNiu
min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1𝛾 𝑳 𝒛 + 𝛼 𝒛 − 𝒙 $

$

x"·�𝒛∗ = 𝛼(𝛼𝑰 + 1 − 𝛼 𝛾 𝑳 )!"𝒙p

³������pWQR¯4Ö

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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��8GNN����

n !"ÌÐË&./m·GNNiu
min
𝒛
𝑓 𝒛 = 1 − 𝛼 𝒛1𝛾 𝑳 𝒛 + 𝛼 𝒛 − 𝒙 $

$

x"·�𝒛∗ = 𝛼(𝛼𝑰 + 1 − 𝛼 𝛾 𝑳 )!"𝒙p

滤波器：ℎ 𝜆 = b
b* "!b c d

= 𝑼𝑑𝑖𝑎𝑔
𝛼

𝛼 + 1 − 𝛼 𝛾 𝜆"
, … ,

𝛼
𝛼 + 1 − 𝛼 𝛾 𝜆%

𝑼.𝒙

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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ReLU(𝜃-)
An arbitrary filter

n "ÌÐË&x"· 𝒛∗ = 𝛼(𝛼𝑰 + 1 − 𝛼 𝛾 𝑳 )!"𝒙

n *¬𝛾 𝑳 ��ÀhW𝛾(𝜆) ≥ 0h 𝜆 ∈ [0,2]h
¨Ö�?�LÂÃÄ�£E

¨³´BernNetE

��8GNN����

0 ≤ ℎ 𝜆 = b
b* "!b c d ≤ 1， ∀𝜆 ∈ 0,2

确保ℎ 𝜆 ≥ 0！

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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��8GNN����

n 带鲁棒正则化(Robust Regularization)的优化函数

min
𝒛

�𝑓(𝒛) = 1 − 𝛼 Z
-,_ ∈a

𝜌 𝐴-_
𝑧-
𝑑-
−

𝑧_
𝑑_

$

+ 𝛼 𝒛 − 𝒙 $
$

³´ÑÊJL��

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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��8GNN����

n 带鲁棒正则化(Robust Regularization)的优化函数

min
𝒛

�𝑓(𝒛) = 1 − 𝛼 Z
-,_ ∈a

𝜌 𝐴-_
𝑧-
𝑑-
−

𝑧_
𝑑_

$

+ 𝛼 𝒛 − 𝒙 $
$

³´ÑÊJL��

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]

𝜌{{ß÷JLSmoothAT�
e.g. 𝜌 𝑥 = 𝑥"/$

记𝑐 = 𝐴02
5!
6!
− 5"

6"
𝑐$

𝜌(𝑐$)
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��8GNN����

n 带鲁棒正则化(Robust Regularization)的优化函数

min
𝒛

�𝑓(𝒛) = 1 − 𝛼 Z
-,_ ∈a

𝜌 𝐴-_
𝑧-
𝑑-
−

𝑧_
𝑑_

$

+ 𝛼 𝒛 − 𝒙 $
$

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]

𝜌{{ß÷JLSmoothAT�
e.g. 𝜌 𝑥 = 𝑥"/$

记𝑐 = 𝐴02
5!
6!
− 5"

6"
𝑐$

𝜌(𝑐$)
k²³°ℎ25#´µf¶ (graph attention) ·¸
|𝜌(ℎ25)#concave conjugate

∑ -,_ ∈a ℎ-_ 𝐴-_
U5
N5
− U6

N6

$
+ �𝜌(ℎ-_)
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n 带鲁棒正则化(Robust Regularization)的优化函数

min
𝒛

�𝑓(𝒛) = 1 − 𝛼 Z
-,_ ∈a

𝜌 𝐴-_
𝑧-
𝑑-
−

𝑧_
𝑑_

$

+ 𝛼 𝒛 − 𝒙 $
$

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]

𝜌{{ß÷JLSmoothAT�
e.g. 𝜌 𝑥 = 𝑥"/$

记𝑐 = 𝐴02
5!
6!
− 5"

6"
𝑐$

𝜌(𝑐$)
ℎh} =

~�(�,)
~�,

³´U�����
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��8GNN����

n 带鲁棒正则化(Robust Regularization)的优化函数

min
𝒛

�𝑓(𝒛) = 1 − 𝛼 Z
-,_ ∈a

𝜌 𝐴-_
𝑧-
𝑑-
−

𝑧_
𝑑_

$

+ 𝛼 𝒛 − 𝒙 $
$

¨ 𝜌 𝐴-_
U5
N5
−

U6
N6

$
EJ�Ñö÷N�³´���Jn�Ö�GAT

𝑐 = 𝐴-_
𝑧-
𝑑-
−

𝑧_
𝑑_𝑧&

𝑧'

𝑧(

𝑧)

𝑧*

𝑧+

𝑧./

ℎ&&
ℎ &

*

ℎ
&+

ℎ &)

ℎ&(

ℎ&'

图注意力权重：ℎ-_ =
Th(i9)
Ti9

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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n ����ÑÌ(Robust Regularization)&"ÌÐË

min
𝒛

�𝑓(𝒛) = 1 − 𝛼 Z
-,_ ∈a

𝜌 𝐴-_
𝑧-
𝑑-
−

𝑧_
𝑑_

$

+ 𝛼 𝒛 − 𝒙 $
$

n æ(è�wmvx�����·,"Ì\]

¨ Iterative reweighted least squares
¨�LGNNçèTWIRLS min

𝒛
�𝑓(𝒛)

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]

𝜌(𝑐$) ⁄𝜕𝜌(𝑐$) 𝜕𝑐$ Range

log(𝑐$ + 𝜖) ⁄1 𝑐$ + 𝜖 (0, ⁄1 𝜖]
𝑐$ 𝑐 < 𝜏
𝜏 𝑐 ≥ 𝜏

1 𝑐 < 𝜏
0 𝑐 ≥ 𝜏 0,1
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TWIRLS���1�

n �E���?@

n ��c�
lAmazon co-purchase)

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]
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TWIRLS���1�

n ÛØ!Ëö÷

n ��nïð

Yang Y, Liu T et al. Graph Neural Networks Inspired by Classical Iterative Algorithms. [ICML’2021]



142

n !"#$%&'()*+

n !"#$%&,-./

¨!"#

¨$%&'

¨()*+

n 01234

,-./0!"#

1234$%&'056GNN

780GNN()*+

,-./
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Take home message

n !,-Ü×&./µ!"#$%acÓ·ýI

¨2345GCN6789:234;<=>&?@ABC

¨DEFG5GCNDHDEFG?IJKL;MN@ABC

¨OPQ=5GCN?RS,-./01IJT;MN@AB+

n Take home messageE
¨UVWXYZ['234;*+\BernNet5Bernstein]^_C

¨UVWXY`<abcd;*+\GCNII: Initial residual$Identity mappingC

¨UVWefghi'GNN;*+\jk𝛾 𝑳 'OPQ=l
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����;�c�

n  ¡5\

n �«¢

Gengmo Zhou

Jiajun Li

Fangrui Lv

Hanzhi Wang Yanping Zheng Mingguo HeZhewei Wei Zhe Yuan

Ruoqi ZhangJinjia FengYuhe Guo Xu Liu Mingji Yang

Yaliang Li Zengfeng Huang Hongteng Xu Bolin Ding

Tianjing Zeng
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