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—1 -1
e + ww 0 0 0
—1 —1 1 O -1 —1
Normalized V3-Va V2.4 V4-V2Z V42
Laplacian matrix L= _1

~~ 0 0 1 0 O

0O 0 55 O 1 55
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X, 0 1 0 0 0 0
X, 0 0 1 0 0 0
X4 0 0 0 1 0 0
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M) Graph Neural Network

m Graph Convolution Neural Network(GCN) [Kipf et al.,2017]
O Aggregating the neighbors’ node features,
O Training the weights with Message-Passing Scheme

O Architecture:
H¢AD = g(PHOW®)

TARGET NODE ® “:f ..................... <
neural netwot_!_(S""..
neural * e

B« PR o
networks @

“..neural networks

INPUT GRAPH .
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Message passing scheme
HE+D) — g(f) JH@). W(f))

N-1/2F™—1/2 representation of . .
D-1/2ap~1/ previous layer weight matrix

Ak

Xo 1 0 0 0 0 0
X4 0 1 0 0 0 0

X, 0 0 1 0 0 0

X3 0 0 0 1 0 0

Xy 0 0 0 0 1 0

X5 0 0 0 0 0 1
Sum 0 1 1 1 0 0
Self-loop 1 1 1 1 0 0
Symmetry 1/vVaVa 1/ Va3 1/ Va5 1/ Va2 0 0




GCN and CNN
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B CNN is also a (Message-Passing) GNN
00 Aggregating the eight neighbors’ and its own features

1x1 1><0 1x1 0 0
OxCI 1x1 1><O 1 0 4
oxl OxCI 1xl 1 1
0|0j1|1(0
0|1(1(0(0
Image Convolved
Feature
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Applications of graph machine learning

GNN+Graph Algorithm GNN+Protein Analysis GNN+Weather Forecasting

GNN can be used for classic graph DeepMind released its third- GraphCast, a weather model
algorithms, such as the graph generation protein analysis Al developed by DeepMind, has
biconnectivity problem. tool AlphaFold3 in Nature. been published in Science.
[ICLR’2023 Best Paper] [Nature’2024] [Science’2023].
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SEMI-SUPERVISED CLASSIFICATION WITH
GRAPH CONVOLUTIONAL NETWORKS

Thomas N. Kipf Max Welling
University of Amsterdam University of Amsterdam
T.N.Kipf@uva.nl Canadian Institute for Advanced Research (CIFAR)

M.WellingQuva.nl

ABSTRACT

We present a scalable approach for semi-supervised learning on graph-structured
data that is based on an efficient variant of convolutional neural networks which
operate directly on graphs. We motivate the choice of our convolutional archi-
tecture via a localized first-order approximation of spectral graph convolutions.
Our model scales linearly in the number of graph edges and learns hidden layer
representations that encode both local graph structure and features of nodes. In
a number of experiments on citation networks and on a knowledge graph dataset
we demonstrate that our approach outperforms related methods by a significant
margin.

Semi-supervised classification with graph convolutional networks arxiv.org 9 [PDF]
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Thomas N Kipf, Max Welling
2016/9/9
International Conference on Learning Representations (ICLR)

We present a scalable approach for semi-supervised learning on graph-structured data
that is based on an efficient variant of convolutional neural networks which operate
directly on graphs. We motivate the choice of our convolutional architecture via a
localized first-order approximation of spectral graph convolutions. Our model scales
linearly in the number of graph edges and learns hidden layer representations that
encode both local graph structure and features of nodes. In a number of experiments on
citation networks and on a knowledge graph dataset we demonstrate that our approach
outperforms related methods by a significant margin.

WEIFRRE: 24687

2017 2018 2019 2020 2021 2022 2023

GCN and Graph Signal Processing

2 FAST APPROXIMATE CONVOLUTIONS ON GRAPHS

In this section, we provide theoretical motivation for a specific graph-based neural network model
f(X, A) that we will use in the rest of this paper. We consider a multi-layer Graph Convolutional
Network (GCN) with the following layer-wise propagation rule:

O = U(D—%AD—%H“JW“)) . @)

Here, A= A+1 w is the adjacency matrix of the undirected graph G with added self-connections.
Iy is the identity matrix, Dy = > ; ,Zlij and W is a layer-specific trainable weight matrix. a(+)
denotes an activation function, such as the ReLU(-) = max(0, -). H®) € RV *P is the matrix of ac-
tivations in the I layer; H(®) = X . In the following, we show that the form of this propagation rule
can be motivatedﬂ via a first-order approximation of localized spectral filters on graphs (Hammond
et al., 2011; Defferrard et al., 2016).

2.1 SPECTRAL GRAPH CONVOLUTIONS

We consider spectral convolutions on graphs defined as the multiplication of a signal z € RV (a
scalar for every node) with a filter go = diag(¢)) parameterized by @ € RY in the Fourier domain,
ie.:

goxx=UgU'z, (3)

where U is the matrix of eigenvectors of the normalized graph Laplacian L = Iy — D-5AD% =
UAUT, with a diagonal matrix of its eigenvalues A and U z being the graph Fourier transform
of . We can understand g, as a function of the eigenvalues of L, i.e. go(A). Evaluating Eq. @is
computationally expensive, as multiplication with the eigenvector matrix U7 is ()(N?). Furthermore,
computing the eigendecomposition of L in the first place might be prohibitively expensive for large
graphs. To circumvent this problem, it was suggested in Hammond et al. (2011) that g5(A) can be
well-approximated by a truncated expansion in terms of Chebyshev polynomials T (z) up to K
order:

K
gor(A) = Y6 Ti(A), )
k=0

with a rescaled A = ﬁA — In. Amax denotes the largest eigenvalue of L. ¢ € R¥ is now a

vector of Chebyshev coefficients. The Chebyshev polynomials are recursively defined as Ty (z) =
2zTy—1(x) — Tr—2(x), with Ty(z) = 1 and T1(z) = z. The reader is referred to Hammond et al.
(2011) for an in-depth discussion of this approximation.

Going back to our definition of a convolution of a signal = with a filter gg-, we now have:

K
go x T = Z 0. T(L)z , ()]

k=0
with L = ﬁL — I; as can easily be verified by noticing that (UAU T )* = UA*UT. Note that
this expression is now K -localized since it is a K ™-order polynomial in the Laplacian, i.e. it depends
only on nodes that are at maximum K steps away from the central node (K "-order neighborhood).

The complexity of evaluating Eq. 5/is O(|€|), i.e. linear in the number of edges. Defferrard et al.
(2016) use this K-localized convolution to define a convolutional neural network on graphs.

15



m The temperature measured by sensors is considered as the
Graph Signal, denoted by a vector x € R".
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m Operation on graph signal by Laplacian matrix L

“
=

@
5

w
&

o O O o o

=

17



Graph Signal

m Operation on graph signal by Laplacian matrix L

x, = Lx
0 2 > 0
5
3 4 3 4
X X1
-1 -1 -1
1 V342 V3.-va V3-V1 0 0 1 1
-1
-1 -1
e VvV za 0 0 0 0 V3-V2
-1 -1 0 -1 -1 0 -1
V3-Va VZ-V3 1 Vad-VZ A2 _ V3 -4
— [ ] — -1
— 0 0 1 0 0 NI
-1 -1
0 0 77 0 1 553 0 0
-1 -1
0 0 77 0 757 1 0 0
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) Graph Fourier Transform

m The eigendecomposition of Laplacian matrix

Ay 0
L=U/1UT=U(E s)UT,

0 - A,
where U = [uy, ..., u,], A = diag([A4, ..., 4,,]), u; and 4; for i € {1,2,
the eigenvectors and eigenvalues, respectively, and 4; € [0,2].

0 Orthonormal basis: U - UT =1,

m Graph Fourier Transform of a signal: ¥ = U'x
m Inverse Graph Fourier Transform of a signal: x = Ux

..., n} denote

19



Graph Fourier Transform

m U'x projects x to the orthogonal basis consisting of u,, ..., u,,

20 @ W@ w0
22 | (@ 1@ . wm| |x@)] O
3 . \
x(n) u,(1) u,(2) .. u,n) 1x(n) | .

m Fourier Transform m Graph Fourier Transform

| Eignetos |



Graph Convolution
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m (Convolution theorem): the Fourier transform of a convolution of

two signals is the pointwise product of their Fourier transforms.
x+; g =U(UTX)OWU"g))

O where ® denotes Hadamard products, U’ g is the convolution filter.
Reparametrize U’ g as diag[8,, ..., 0,,] :

91 0

)

0 - @,

b

3. Inverse Graph <: 2. Convolution <: 1. Graph Fourier
Fourier Transform operation Transform
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m Further reparametrize 6; = h(4;)

y =h(L)x = Uh(A)U"x =

3. Inverse Graph
Fourier Transform

Uh(ANU"x

[ 2. Filtering J<—

h(A)UT x

m We call h(A)/h(4) (graph) filter.

1. Graph Fourier
Transform

Ul'x
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Homo./Heterophilic Graph & Filter

Impulse low-pass ]
100 -
0.75 1 - 0
0.50 y=U|[: =~ :|U'x
0.25 - o - 0
0.00 -

Homophilic graph 00 05 10 15 20

| (D ) O

Impulse high-pass

100 A
0.75 A 0 0
0501 |y =U|: U x
0.25 - 0 1
0.00 1 -
Heterophilic graph 0.0 05 10 15 20
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m How to design arbitrary filters?

h(Ay) - 0
y=U| : ;U
0 « h(1,)

0 The 0(n?) complexity of eigendecomposition is too high.

m Approximating filters by polynomials, complexity drops to O(m). @
K
S o

K
y=U : : Ul'x = 2 wy L% x
k=0
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Pioneering work

Input graph signals > Feature extraction > Classification > Output signals
. e.g. bags of words Convolutional layers Fully connected layers e.g. labels
o

Qo
Graph signal filtering \+. ‘bi Graph coarsening input layer output layer
1. Convolution () [ ) 3. Sub-AsampIing
& 2. Non-linear activation \}}\. 4. Pooling (a) Graph Convolutional Network
) 0= <A< Ay, [ ]

Spectral CNN [Bruna et al., ICLR14] ChebNet [Defferrard et al., NeurlPS'16] GCN [Kipf et al., ICLR17]

din
h;H—l) _ U(UZG,S;)UT}I?)) (G=1-dou). H(1,”+1) — O-(leg=0 Tk (z) H(w”)w(w”,k))
i=1

HED = o(P - HO . w®)

Total citations  Cited by 29076

Total citations ~ Cited by 8121

il

2017 2018 2019 2020 2021 2022 2023

2015 2016 2017 2018 2019 2020 2021 2022 2023

2017 2018 2019 2020 2021 2022 2023

Scholar articles  Spectral networks and locally connected networks on graphs Scholar articles  Convolutional neural networks on graphs with fast localized spectral f\\ler?ng Scholar articles  Semi-supervised classification with graph convolutional networks
J Bruna, W Zaremba, A Szlam, Y LeCun - arXiv preprint arXiv.1312.6203, 2013 M Defferrard, X Bresson, P Vandergheynst - Advances in neural information processing TN Kipf, M Welling - arXiv preprint arXiv:1609.02907, 2016
Gited by 5408 Related articles  All 14 versions systems, 2016 Cited by 25944 Related articles  All 23 versions
Cited by 8092 Related articles  All 10 versions
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Spectral-based GNNs

m GCNIKipf et al.,2017] uses a simplified first-order Chebyshev polynomial.
O Filtering operation: (set wy = —w; = 0 in XX=w, T, (1)
y=@@I—-6(L—-1)x
= 0(21 — L)x Renormalization trick
= o(I + D—1/2AD—1/2Dx | > 0{5—1/2z5—1/2}x

O The filter of K layer GCN: k(1) = (1 — )X , a fixed low-pass filter.

N

90
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Actor Texas

mMLP = GCN

Accuracy of node classification on
heterophilic graphs with GCN.

Comell




Polynomial Based Methods

Generalized PageRank
Hidden state feature extraction BernNet

G(V, E) Graph Spectral Filteri
k) raph Spectral Filtering
/ Z Z V H( h(\) e Bernstein Approximation
\ Neural Net: fH : Model Parameter {ek}k 0
2" B . B iV - TR
— X XV .. [ T u()‘) by bK 1 ) bK(/\
(0) fﬂ(x ) VAN | I X 7k Laplacian A

Matrix K (K)
= Ak o _ [VE-kLE
Signal X Z= E Ok 2K (21-1L) L™ Bernstein Basis

S H(”. S—— H® k=0

GCNII [Chen et al., ICML20] (Ours) GPRGNN [Chien et al., ICLR’21] BernNet [He et al., NeurlPS’21] (Ours)

K
H = o (((1 —a)PHO + aH®) ((1 - I, + ﬁew@)) Y = Z yiH®, H®O = PHE-D Z Ok = zk (21 L)X~kLk | x
k=0

Total citaions ~ Cited by 881 Total citations ~ Cited by 72
Total citations ~ Cited by 333

2020 2021 2022 2023

2020 2021 2022 2023
2020 2021 2022 2023

Scholar articles  Simple and deep graph convolutional networks
M Chen, Z Wei, Z Hi B Ding, Y Li - International confe hine learni
zuzoen’ ©h £ Fuang, B Bing. H - nfemational comlerence on machine learming. . . . . Scholar articles  Bernnet: Leamning arbitrary graph spectral filters via bernstein approximation
Scholar articles  Adaptive universal generalized pagerank graph neural network M He, Z Wei, H Xu - Ad N 1 Inf tion P ing Syst 2021
Cited by 881 Related erlicies  All 10 versions E Chien, J Peng, P Li, O Milenkovic - arXiv preprint arXiv:2006.07988, 2020 cit j'b 729“ M ""|' 4 ‘f"l"es ";\”:""a niormation Frocessing Systems,
Citedby 326 Related articles  All 8 versions led by elated aricles versions
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Polynomial Based Methods

Jacobi

e Learn the basis?
E> e Optimal Basis?

JacobiConv [Wang et al., ICML'22] ChebNetll [He et al., NeurlPS'22] (Ours) OPTBasis [Guo et al., ICML'23] (Ours)

K K K
~ 2 -
Y = Z akPka’b (P)X Y = K—-I-lz Z ijk(xj) Tk(L)X
k=0 k

=0 j=0

Total citations  Cited by 73 Total citations ~ Cited by 18

2021 2022 2023 2022 2023

Scholar articles  How powerful are spectral graph neural networks
X Wang, M Zhang - International Conference on Machine Learning, 2022
Cited by 73 Related articles  All 5 versions

Scholar articles  Convolutional neural networks on graphs with chebyshev approximation, revisited
M He, Z Wei, JR Wen - Advances in Neural Information Processing Systems, 2022
Cited by 18 Related articles  All 5 versions
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Motivations

m Learn the bases?
m  Optimal bases?

JacobiConv [Wang et al., 2022]

Jacobi

Yuhe G, Wei Z. Graph Neural Networks with Learnable and Optimal Polynomial Bases [ICML’23] (Ours)

30



FavardGNN

« [Three-term Recurrence] Any orthonormal
polynomial series satisfies the three-term
recurrence formula:

Brs1 prer1(x) = (2 — y)pr(x) — V/Br pr—1(2),

p—l(l‘) = 07 h?o(ﬂf) — 1/\//803
v €R, /Br €RT, k>0

« [Favard’'s Theorem] Conversly, any
polynomial series of such a recurrence is
deemed to be orthonormal w.r.t. some
weight function!

7 R

~]

oL

Algorithm 1: FAVARDFILTERING

Input: Input signals X with d channels; Normalized
graph adjacency P; Truncated polynomial order

K

Learnable Parameters:j3, v, o

Output: Filtered Signals Z

35_1(—0

for|=0tod —1do

T X1 |xo < x//Po,

for £k =0to K do

7z a1 X0

Tr+1 —

(pﬂfk — Yk, 1Tk — ﬁk,ziﬁk—l)/\/ﬁkﬂ,z

24— 2+ Og4+1,1Tk+1
Z;’g — Z
return Z

Yuhe G, Wei Z. Graph Neural Networks with Learnable and Optimal Polynomial Bases [ICML’23] (Ours)
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OptBasisGNN

n [11 u . X
m Q2: Is there an standard for “optimal Algorithm 3: OBTAINNEXTBASISVECTOR
] (In comment, we write the the (k + 1)-th optimal basis poly-
bases”’? Can we aCh|eve them? nomial gx41(-) based on gx(-) and g—1(-) that is implicitly
_ o used, but never solved explicitly.)
= Ja(:_ob|C0ny “CML 22] pI’OpOSGC.i a definition of the Input: Normalized graph P; Two solved basis vectors
optimal basis from the perspective of convergence; Vk—1,v5 (k > 0)
0 But JacobiConv believe habitually that intractable Output: vy
eigen-decomposition is unavoidable. Thus the : gtep ;: Vi1 €= P S Bl = henli
. . - 2 (& s
optimal basis cannot be utilized. e :
Vg1 € Vka1 — (V1 Vk) Uk — <Uk+1’ Vk—1)Vk—1
A7 g]i_+1(lt) =
O We solve this optimal polynomial basis exactly in an BRI RR Sh ee e et
) lici ' T 3 Step 3: vg+1 Uk+1/||vk+1||
Implicit way 17 gkg1(B) == gty )/l
= We solve the accompanying optimal vector (eI o
basis.

The next basis depends on the last and second
last solved basis.

» Eigen-decomposition is avoided!

Yuhe G, Wei Z. Graph Neural Networks with Learnable and Optimal Polynomial Bases [ICML’23] (Ours) 32



Experiments

1. Node

classification (1)

Dataset ogbn-arxiv ogbn-papers100M
1V 169.343 111,059,956

| E| 1,166,243 1,615.,685,872
H(G) 0.66 -

GCN 71.74 £ 0.29 OOM

ChebNet T1.12 =20.22 OOM

ARMA 71.47 +0.25 OOM
GPR-GNN 71.78 £0.18 65.89 4+ 0.35
BernNet 71.96 £+ 0.27 -

SIGN 71.95 &+ 0.12 65.68 + 0.16
GBP 71.21 +0.17 65.23:4-0.31
NDLS#* 72.24 £ 0.21 65.61 £+ 0.29
ChebNetll 2132110523 67.1840.32
OptBasisGNN 2 2 e 0NS 67.22 4+ 0.15

Dataset Chameleon Squirrel Actor Citeseer Pubmed
VI 2,277 5,201 7,600 3,327 19,717
H(G) 23 22 2 74 .80
MLP 46.59 + 1.84 31.01 £1.18 40.18 + 0.55 76.52 £ 0.89 86.14 £ 0.25
GCN 60.81 + 2.95 45.87 + 0.8 33.26 £ 1.15 79.85 £ 0.78 86.79 £ 0.31
ChebNet 59.51 £ 1.25 40.81 + 0.42 37.42 + 0.58 79.33 & 0.57 87.82 4+ 0.24
ARMA 60.21 + 1.00 36.27 + 0.62 37.67 £ 0.54 80.04 £ 0.55 86.93 £+ 0.24
APPNP 52.15 £ 1.79 35.71 £ 0.78 39.76 £ 0.49 80.47 £ 0.73 88.13 £ 0.33
GPRGNN 67.49 + 1.38 50.43 + 1.89 39.91 + 0.62 80.13 £+ 0.84 88.46 + 0.31
BernNet 68.53 & 1.68 51.39 £ 0.92 41.71 £ 1.12 80.08 £ 0.75 88.51 £ 0.39
ChebNetll 71.37 £ 1.01 57.72 £ 0.59 41.75 £ 1.07 80.53 £ 0.79 88.93 £ 0.29
JacobiConv 74.20 £ 1.03 57.38 £ 1.25 41.17 £ 0.64 80.78 £ 0.79 89.62 £ 0.41
FavardGNN 72.32 £+ 1.90 63.49 + 1.47 43.05 + 0.53 81.89 + 0.63 90.90 + 0.27
OptBasisGNN 74.26 £ 0.74 63.62 + 0.76 42.39 + 0.52 80.58 £ 0.82 90.30 + 0.19
Dataset Penn94 Genius Twitch-Gamers Pokec Wiki
V] 41,554 421,961 168,114 1,632,803 1,925,342
[ E] 1,362,229 984,979 6,797,557 30,622,564 303,434,860
H(G) 470 618 545 445 .389
MLP 73.61 4+ 0.40 86.68 £+ 0.09 60.92 + 0.07 62.37 £ 0.02 37.38 £0.21
GCN 82.47 + 0.27 87.42 + 0.31 62.18 + 0.26 75.45 £ 0.17 OOM
GCNII 82.92 4+ 0.59 90.24 4 0.09 63.39 £ 0.61 78.94 £ 0.11 OOM
MixHop 83.47 £0.71 90.58 £ 0.16 65.64 £ 0.27 81.07 £ 0.16 49.15 + 0.26
LINK 80.79 &+ 0.49 73.56 4= 0.14 64.85 + 0.21 80.54 + 0.03 57.11 + 0.26
LINKX 84.71 + 0.52 90.77 + 0.27 66.06 £ 0.19 82.04 £+ 0.07 59.80 £+ 0.41
GPRGNN 83.54 £ 0.32 90.15 £ 0.30 62.59 £ 0.38 80.74 &£ 0.22 58.73 £ 0.34
BernNet 83.26 £ 0.29 90.47 4 0.33 64.27 + 0.31 81.67 £ 0.17 59.02 4+ 0.29
ChebNetll 84.86 £ 0.33 90.85 £ 0.32 65.03 £ 0.27 82.33 £ 0.28 60.95 £ 0.39
FavardGNN 84.92 £ 0.41 90.29 £ 0.14 64.26 + 0.12 - -
OptBasisGNN 84.85 + 0.39 90.83 £ 0.11 65.17 £+ 0.16 82.83 + 0.04 61.85 £ 0.03

2. Node Classification

(Continued)

Convergence rate

3. Scalability
experiments

MSE

-+ Monomial P Chebll 4  Favard
e Bemnstein X OptBasis
#Step: 500;
Saass
. "nn..“.-. i
-h.’. -oln.-..cn-uunu.uu--.--u.......,.........@
"“'!F;:u,u.-.-««..u‘, #Step: 500;
Rl CT7P PO 2:0.814
b’», wessssesneels) MSE: 0.8148
#Step: 388;
x MISE. 0.1654 4. Three-channel
’Z regression
==t experiment:
MSE: 0.0022 | .
)@4 , , - argmin|Z — Y|2
100 200 300 400 500
#Step

Yuhe G, Wei Z. Graph Neural Networks with Learnable and Optimal Polynomial Bases [ICML’23] (Ours)
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PolyGCL: GRAPH CONTRASTIVE LEARNING

via Learnable Spectral Polynomial Filters
(ICLR 2024, spotlight)

Jingyu Chen, Runlin Lei, Zhewei Wei*

34



Motivations

m Graph self-supervised learning (SSL) i Stage 2: Downstream tasks R
cc.
. [ sstLoss | [(tabery | T
\ OO0 Z i Z logits
'I":/ ooo ann u Nxd Nxd @ Nx1
\DDQ — EEE =17

GNN oo Linear
I:I\IZII:I/D}:'FI :> [ Encoder ] :> E :> [Classifier] :>

m A natural idea: Can we incorporate the excellent properties of spectral
polynomial filters into graph contrastive learning?

Chameleon Cora

90 F3 ry .

L R i i Spectral GNNs in @

65 . . .

o Rl N supervised settings.

éEUJ 55 \:‘:___‘5‘ E s --.,__%.__?:‘?L
N - RI—
50 4‘“.,_:?‘-\' w.___“-‘ ______________________ 'b-?_:\‘ ''''' —E A =
a5 —8— Supervised \\\ R ——; 70| —8— Supervised "'~::~\\ PI ug In GCL Settl ng
~#- DGI B I & DGI s :
40| —¥— GRACE \{" ................. 65| —— GRACE RN dlreCtly?
45| TF Con e -3~ CcaA L
+ GCN. + Monomial. + Chebyshev. + GCN. + Monomial. + Chebyshev.
Encoder Encoder

ChenJ, Lei R, Wei Z. PolyGCL.: Graph Contrastive Learning via Learnable Spectral Polynomial Filters. [ICLR’24] (Ours)




Model: PolyGCL

m PolyGCL

O Encoder: ChebNetll [He et al., 2022]
O Decoupling low-pass and high-pass:

2 2
T K+ 1Zk 021 OyJTk(xf)Tk(L)X Y= Y- 021 OVJTk(xJ)Tk(L)X

K+1
Ah(D) h(}) 4h(1) -
Low-pass O 14 == Contrast
\ > % . > % _\\ - ==
> : EEEEEE > T
L X ’ | Xj Xj+1 N xd
OO OO0 '
0 +h(2) Linear : h(2) h(2) 1xd
L] OO0 =FF % —— e ————— @——» ‘ .._Pgo_hg_g -
\ —tdld . .
~— C0c Combination ;  |>~—}/  ......
e~ B = : : 5
/ \ : N xd
A
EEE — h(2) High-pass 5 : 1A ” h(4) -
—_— O |y ‘ B
3 = Contrast
R QELEETY R aE

ChenJ, Lei R, Wei Z. PolyGCL.: Graph Contrastive Learning via Learnable Spectral Polynomial Filters. [ICLR’24] (Ours)
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Experiments

Methods ¢ =—1 ¢p=-075 ¢=-05 o¢=-0.25 ¢=0 ¢ =10.25 ¢=0.5 ¢ =0.75 p=1
DGI 83.04 £002 9324 1054 8575 1040 68.41 £o9s 5995 1078 68.70 £oe0 84.04 Loe1 9153 1042  82.68 £o72
k MVGRL 68.80 + 1.00 84.35 +0.78 78.81 + 0.63 04.14 + 1.05 59.09 +1.15 70.74 +0.73 89.91 +0.58 95.95 + 037 80.13 + 055
D Down Stream ta.S GGD 8290 1053 9276 1063 8556 1055 66.63 o6 [56.00 051 67.06 £106 8422 L0611 91.75 1045 83.84 L7
GMI 5447 tooa 5438 1071 5070 1001 50.41 1o06a §51.79 1039 59.57 1003 8228 1076 93.74 1046 96.01 1ous
. g . CCA-SSG 50.55 1075 5271 1108 S51.21 1098 50.88 1085 §51.16 tos7 5633 100 7241 1120 90.83 £os2  62.03 1091
[ NOd ecC I aSSIfI cation BGRL 4986 1077 4947 1071 49951000 5021 1os 5458 1090 6080 1oss 7079 +io 7446107  68.69 &g
GBT 57.41 + 143 64.99 +0.53 58.84 + 0.80 51.80 + 0.87 57.55 =+ 0.69 72.62 + 0.63 91.09 + 0.37 97.80 + 0.25 96.03 + 038
. GRACE 98.74 £028 9755 +o017  90.06 +050 6874 101 |56.85 L1012 66.70 1001 8950 £060 9741 £025  98.78 £
[ | S pl It: 60%/20%/20% GCA 76.56 1092 8556 1040 7896 1043 6232 10s0 [58.01 L1097 65304105 7716 1103 8138 Los9  75.54 Lo
GraphCL 58.82 + 1.06 57.89 + 0.68 52.91 4070 50.18 +0.59 51.25 =+ 0.76 55.11 +0.56 62.54 +1.13 65.57 + 1.17 71.31 + 1.01
GREET 50.82 to67 5879 1052 5991 1100 6357 1076 §65.99 Loes  T1.04 Los7  80.17 1950 83.11 1953 7593 1110

D Datas etS POLYGCL \98.84 +917 9423 4031 9082 1050 7543 1068/ 66.51 1060 0943 1065 88.22 1072 98.09 029 99.29 4023

. - -~
| Synth etIC . Methods Cora Citeseer Pubmed Cornell Texas Wisconsin Actor Chameleon Squirrel
. DGI 85.88 +0.95 76.44 + 0.80 82.13 +0.24 70.82 + 1721 81.48 +2.79 75.00 —+ 2.00 32.09 + 1.18 58.23 +0.70 38.80 +0.76

CS B M [C h I e n et al 2 02 1] MVGRL 87.36 + 064 78.70 + 064 m 67.70 £ 475 73.11 1475 7425 L 413 3298 +os3 57.75 £ 120 40.25 £ 4

" GGD 8721 +108 79251072 8538 1025 8033 1150 8262 134 73.25 L2325 32.27 1 57.64 1116 40.87 + 0.6

GMI 85.09 1113 7638 o0 83.06 1o | 6279 1754 68.03 fan0 6213 fags 3237 Lior 6247 1955 39.82 1aes

Parameter ¢ (- [— 1 1] CCA-5SG  87.39 1os  79.60 1o 8496 1020 | 78.69 1344 87.87 1161 82881150 34861056 60001120 4150 107

’ BGRL 8445 o6 T4.84 L1oa 83.06 1029 | 59.84 1295  69.84 134 62.88 La413 3248 +og7 64.09 1127 47.02 1 038

GBT 84.89 +1.13 76.59 4+ 0.68 86.10 +0.23 59.18 4934 72.79 + 6.56 62.38 +3.00 34.34 + 067 68.77 +1.25 48.86 +0.80

[ | Real -WO rl d : GRACE 8327 1074 7379 1060 8171 1016 | 60.66 L1132 75.74 £205 72.13 L2735 31.97 £ 15 59.52 4 149 42.68 1 090
GCA 84.09 1985 7523 1075 82.01 193 5311 1934 81.97 1230 73.50 £ 300 3113 L o7 65.54 1 107 47.13 £ 061

1 TH GraphCL 86.54 1054 T899 150 8516 1021 | 6148 1574 66.07 1607 60.63 £ 350 3245 112 58.49 L3 42.92 106

Homophilic & Heterophilic GREET 851607 790620 8564cou| 7836557 7803:sm  8463sw 38260y 6057sim 39760

POLYGCL  87.57 +962 7981 1085 87.15 127 \ 82.62 131y 88.03 150 85.50 4 138 41.15 1 o385 71.62 996 56.49 1 o1

Methods Roman-empire Amazon-ratings Minesweeper Tolokers Questions — —
DGI 58.57 +0.26 42.72 + 042 68.36 + 0.60 76.29 + 0.66 74.44 4+ 0.63

MVGRL 7002 +0.25 4218 +0.29 90-07 4 0.36 8086 + 0.63 OOM

GGD 58.04 4+ 040 43.15 4034 T8.15 + 048 76.43 1+ o6 74.63 4 066 .

GMI 3233 Lo 40.98 1 030 7238 106 79.89 1 062 OOM R e S u I t S

CCA-SSG 42.82 1924 41.23 +os 7242 4060 75.46 1075 74.64 157 u

BGRL 39.34 +032 41.17 +0.25 72.82 + 0.60 79.73 + 0.61 72.27 +0.55 B - -

GBT 45.96 034 43.58 4 g8 72.39 4 056 7574 Lo7s 7598 Loss B I . h h I t

GRACE 59.57 £ o030 43.79 1028 68.10 + 070 7631 £om 74.34 o7 aS e I n eS . O I I l O p I y as S u I I l p I O n .
GCA 59.77 + 040 42.57 1017 68.11 4066 77.26 + 061 75.09 4057

GraphCL 29.92 130 3781 +01a 82.15 1046 76.88 + 060 60.51 4 145 P I G C L . k . I | -

GREET 72.68 + 031 41.19 1025 82.71 1051 80.60 + 056 OOM O y . WO r S I n a. S ett I n g S .

PoLYGCL 72.97 1025 44.29 1 o43 86.11 4 043 83.73 L os3 75.33 Log7
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Linear coefficients: a + 5 =1 Normalized learned filters Time complexity: O(KE + N)
¢ < 0:low-pass information ¢ < 0:increasing fuctions; PolyGCL: SOTA performance
accounts for less. ¢ = 0: all-pass property. with satisfactory efficiency.
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Motivation
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Motivation

m How can we define a valid heterogeneous graph convolution on the
spectral domain?

Spectral-based GNNs learn arbitrary filters on ‘L_ | J Can learn arbitrary
homogeneous graphs [ —> heterogenous graph filters

A generalized heterogeneous graph optimization problem \ | j‘> Heterogenous filters have
myinf(y) = myin(l —a)y"y(A Ay . ARy +ally = x5 ] —| to be positive semidefinite

. EX|St| ng HG N NS dO Nnot meet these Method Shift P,  Graph Convolution
GTN [41] A, DK, 3R oV Ax
EMRGNN [33] A, S a(1-a) (2R, prA,.)k x
MHGCN [40] A, (zle ﬁrAr)K x

He M, Wei Z, et al. Spectral Heterogeneous Graph Convolutions via Positive Noncommutative Polynomials. [TheWebConf’24] (Ours) 41



Method: PSHGCN

m Use positive noncommutative polynomials to approximate valid

heterogeneous graph filters Sum of Squaresl
» Quarantees the filter h
/ IS positive semidefinite

h(Al, Az, ...,AR) — E_gi(Al'AZ' ...,AR)Tgi(Al,Az, ...,AR)
l

m Positive Spectral Heterogeneous Graph Convolutional Network
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[1] J William Helton. " positive” noncommutative polynomials are sums of squares. Annals of Mathematics, pages 675-694, 2002.

He M, Wei Z, et al. Spectral Heterogeneous Graph Convolutions via Positive Noncommutative Polynomials. [TheWebConf’24] (Ours) 42



Experiment

m Node classification

Table 2: Node classification performance (Mean F1 scores + standard errors) comparison of different methods on four datasets.
Tabular results are presented in percentages, with the best result highlighted in bold and the runner-up underlined.

DBLP ACM IMDB AMiner
Macro-F1 Micro-F1 Macro-F1 Micro-F1 Macro-F1 Micro-F1 Macro-F1 Micro-F1
GCN 90.84+032 91474034 92171024  92.12:023  62.37+135  68.131083  75.63+108  85.77+0.43
GAT 93.831027  93.39:030 92261094  92.19:093  62.45:13¢  68.08:049  75.23:1060  85.5610.65
GPRGNN  91.66.10; 9245.076 92361028 92.28:027  63.02.i145 68831005 75321067  86.131058
ChebNetIl 92.05+053 92.97+0.48 92.4540.37 92.3310.38 62.5441.29 68.3340.92 75.594+0.73 85.82+0.52
RGCN 91.524050 92.07+0.50 91.5540.74 91414075 63.244057 66.5140.28 63.03+227 82.79+1.12
HAN 91.67+049  92.05:062  90.89:043  90.79:043  62.051093  67.69:i064  63.861215  82.95i133
GTN 93.521055 93971054  9131:i070  91.20:071  64.59:103  68.271065  72.39:1179  84.7411.24
MAGNN 93.28+051  93.761045  90.881064  90.77:065  61.364285  67.821154  71.561163  83.48:137
EMRGNN 92.194038 92.57+037 92.9340.34 93.85+0.33 65.63+1.97 68.76+0.78 73.7441.25 85.46+0.74
MHGCN 93.56+041 94.03+0.43 92.1240.66 91.97+068 67.59+1 95 70.2840.71 73.56+175 85.184+1 28
SimpleHGN  94.01,024 94464027 93424044 93351045  68.72:154  70.834107  7543.085 86524073
HALO 92.37+032  92.84:034  93.05:031 92961033  71.63:1077  73.8li072  74.91:123  87.25:0.89
SeHGNN 95.06:017 95421017  94.05:035  93.981036 71.71s06z 73421047 76831057 86961064
PSHGCN 95.271013 95.61.0.12 94.35.023 94.27.023 72.33.057 74.46.0932 77.261075 88.21.031

He M, Wei Z, et al. Spectral Heterogeneous Graph Convolutions via Positive Noncommutative Polynomials. [TheWebConf’24] (Ours)
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Experiment

m Link prediction

Table 3: Link prediction performance (ROC-AUC/MRR =+
standard errors). Results are presented in percent, with the
best result highlighted in bold and the runner-up underlined.

m Node classification on ogbn-mag
(1.9M nodes and 21.1M edges)

Table 4: Node classification performance (Mean accuracies +
standard errors) on ogbn-mag, where the symbol "*" denotes
the usage of extra embeddings and multi-stage training. The

Amazon LastFM best results are highlighted in bold.
ROC-AUC MRR | ROC-AUC MRR
Methods  Validation accuracy Test accuracy
GCN 92.84 97.05 59.17 79.38
#034 - o =031 =063 RGCN 48.35+0.36 47.37+0.48
GAT 91.654080 96.584026 | 58.564:066 77.044211
HGT 49.89+0.47 49.27+0.61
RGCN 86.324028 93.9240.16 | 57.21+009 77.684+0.17
NARS 51.85+£0.08 50.88+0.12
GATNE 77.394:050 92.0441036 | 66.87:016 85.93+1063
HetGNN 77 74 91.79 62.09 83 56 SAGN 52.25+£0.30 51.17+0.32
HOT 88.26i0.24 93.3;0'03 54‘99*“-01 74‘9;“-14 GAMLP 53.23+0.41 51.63+0.22
SeHGNN 91'6;2-"6 95'8;0-65 66‘5;‘3-23 aa-mﬂ% SeHGNN 55.95+0.11 53.99+0.18
€ 07094 09£0.58 7£0.62 0-£1.25 PSHGCN 56.16+0.21 54.57+0.16
SimpleHGN  93.404062 96.941020 | 67.59:023 90.814032
PSHGCN  94.12.058 97.93.046 | 69.25.063 91.19.051 SAGN* 55.91+0.17 54.40+0.15
GAMLP* 57.02+0.41 55.90+ 0.27
SeHGNN* 59.17+0.09 57.19+0.12
PSHGCN* 59.43+0.15 57.52+0.11

He M, Wei Z, et al. Spectral Heterogeneous Graph Convolutions via Positive Noncommutative Polynomials. [TheWebConf’24] (Ours)
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m Overview of GNNs
m Spectral interpretation of GNNs

m Our works (OptBasisGNN, PolyGCL, PSHGCN)

m Summary & Perspectives
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00 GCN is a fixed linear low-pass filter that is inapplicable to heterophilic
graphs. FavardGNN can learn arbitrary filters, and OptBasisGNN achieves
an optimal convergence rate.

O Using polynomial filters with graph contrastive learning, PolyGCL can
enhance performance on both homophilic and heterophilic graphs.

0O PSHGCN can learn arbitrary heterogeneous graph filters using positive
noncommutative polynomials.

m Perspectives

O Theoretical assumptions of graph machine learning.
O Efficient computation of spectral-based GNN.
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